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Abstract Results of analysis of transient states in a series circuit of the class RLβCα ,
supplied by an ideal voltage source, have been described in the paper. This circuit
consists of a coil Lβ and a supercapacitorCα described by fractional-order differential
equations.Amethod for determining the current andvoltagewaveforms in the analyzed
circuit, based on the decomposition of rational functions into partial fractions, has been
described. This method allows to determine transient waveform shapes in the system
for any kind of voltage excitation. Two cases of the problem solutions have been
considered. The first case concerns a situation where poles of rational functions are
real, and the second where rational functions have complex poles. Effective relations
enabling the determination of transient waveforms in a closed form have been given.
Analytical formulae describing transient state waveforms in the system for different
types of voltage excitations: constant, monoharmonic, periodic and arbitrary being an
element of a Hilbert space, have been determined, too. The obtained results have been
illustrated by an example.
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1 Introduction
In recent years, a great interest has been aroused by the analysis of electrical and
electronic systems with fractional-order elements, especially with supercapacitors.
Experimental studies show that both the frequency characteristics and transient states
in such systems differ from the characteristics and waveforms occurring in clas-
sic, integer-order RLC circuits [1,5]. For systems containing supercapacitors, these
differences are mainly due to their electrochemical construction [8]. Besides superca-
pacitors,manynewpractical realizations of the fractional-order capacitorCα have been
developed, among others using the equivalent RC ladder structures, some dielectrics
(e.g., LiN2H5SO4), fractal systems [4,14,27] and many others. For the descrip-
tion of lossy coils with soft ferromagnetic cores, fractional-order models have been
used too [28,29]. There are also works on the fractional-order description of magneti-
cally coupled coils [31] andmemristors aswell as circuits and systemswithmemristors
[13,17]. Fractional calculus has been applied for the description of phenomena inmany
scientific fields, not only technical. For example, in biological and medical sciences,
it has been used to describe peristaltic movements of the intestines [32]. In a related
area to the circuit theory—in signal processing, it has been used to design analog and
digital fractional-order filters [6,20,24].
Studies on the systems and circuits with fractional-order elements Lβ,Cα (includ-
ing circuits with supercapacitors) are mainly conducted in three directions. The first
one involves the study of the frequency properties and characteristics of circuits of the
class RLβCα [21,25,26,35,36] and circuits of the class RLCα with supercapacitors
[9,30,33,34], analysis of transient states in such systems [3,7,9,10,12] and analysis
of their stability [11,22].
The second one, experimental, concerns the measurements of frequency character-
istics and steady-state as well as transient-state waveforms occurring in such systems
and the identification of fractional-order parameters in both time and frequency domain
[2,5].
The third direction concerns theoretical and practical realizations of different
fractional-order elements [6,25] or systems, e.g., oscillators [23].
The paper belongs to the first mentioned direction of studies, and it concerns an
analysis of transient states in series circuit of the class RLβCα , supplied by a voltage
source of any kind.
There are a few works concerning this issue [3,7,9,10,12]. The paper [9] presents
an analysis of an electrical circuit of the class RCα , where the voltage excitation is a
unit step function and it analyzes the delay, rise and settling times of the fractional-
order circuit. Analysis of free oscillations in the series circuit of the class RLβCα
has been performed in [7], and analytical solution for α = β has been obtained. In
the paper [3], an analysis of parallel RLβCα circuit has been performed with a unit
step function as the voltage excitation. For the specific case, α = β, an analytical
solution has been found, but for the general case, α = β, solutions have been found
numerically. Generalized method of solving transient states in circuits of the class
RLβCα , by defining state equations of the concerned circuit, has been described in
the work [12].
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Fig. 1 Model of the analyzed series RLβCα circuit
In contrast to previous works, this paper describes a method of analysis of transient
states in a series circuit of the class RLβCα for any kind of the voltage excitation
and arbitrary values of parameters α, β ∈ R+, resulting in closed form solutions. The
paper is a continuation of work [10] concerning analysis of the transient state in a
series circuit of the class RCα with the supercapacitor modeled as a fractional-order
capacitor Cα .
2 Formalization of the Problem
The model of the analyzed circuit of the class RLβCα , with the supercapacitor and
the fractional-order coil, is shown in Fig. 1. It consists of a series resistance RS , an
inductance Lβ and a supercapacitor of (pseudo)capacitance Cα with fractional orders
α, β ∈ R+. The analysis takes into account the series internal resistance RL of the
real coil and of the supercapacitor (RC—ESR resistance). The circuit from Fig. 1 is
supplied by a voltage source of an arbitrary waveform.
In the transient-state analysis of the circuit from Fig. 1, the waveforms of the
voltages uCα (t), uC (t) across the capacitor, the voltages uLβ(t), uL(t) across the
coil and the current i(t) have been calculated. Assuming zero initial conditions, i.e.,
uC (0) = 0, iL(0) = 0, and simple fractional-order models of the inductance Lβ and
the capacitance Cα:









the voltage Kirchhoff’s law for the considered circuit results in:
e (t) − (RS + RL + RC ) i (t) − uLβ (t) − uCα (t) = 0. (3)
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Using formulae (1) and (2), this equation can be converted to a fractional-order dif-











e (t) , α, β ∈ R+, (4)
where:
RZ = RS + RC + RL . (5)
The solution of the above equation is possible using the Laplace transform, since the
considered circuit is linear. Using the Laplace transform of a fractional derivative in











sα−k−1 f (k)(0), (6)
for zero initial conditions, the transform of voltage across the ideal supercapacitor Cα




sα+β + RZL sα + 1LC
. (7)
The Laplace transform of current I(s) flowing in the circuit is defined by a formula:
I (s) = E(s)
L
sα
sα+β + RZL sα + 1LC
. (8)
Furthermore, the transform of the voltage across the real supercapacitorUC (s) (includ-
ing its series resistance RC , see Fig. 1) is given by:




sα+β + RZL sα + 1LC
, (9)








sα+β + RZL sα + 1LC
)
, (10)
whereas the transform of the voltage across the real fractional-order inductanceUL (s)







sα+β + RZL sα + 1LC
)
. (11)
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The method of determining originals of (7)–(11), i.e., time waveforms occurring in
the circuit from Fig. 1, is described next.
3 Method of Solving the Problem
Solution of the problem can be achieved by using the method of rational function into
partial fraction decomposition [16]. Formulae (7)–(11) can be written in a general
form:




sα+β + asα + b , α, β ∈ R
+, (12)
where:
E(s) = L {e(t)} ,
Y (s) = L {uCα(t)} or L {uC (t)} or




In case the rational function (12) is an improper fraction, by dividing the polynomial
of numerator by the polynomial of denominator, consequently the function can be
written in a form:
F(s) = Y (s)
E(s)
= 1 − F1(s) = 1 − A1s
α + B1
sα+β + asα + b , α, β ∈ R
+, (14)
from which relations (10) and (11) arise. Assuming that the parameters α and β are
rational numbers, they can always be represented in the form:
α = m
n
, β = p
n
, m, n, p ∈ N. (15)
By introducing a new variable:
w = s 1n , (16)
relation (12) can be written as:
F(w) = Aw
m + B
wn1 + awm + b . (17)
where: n1 = m + p.
The function F1(w) can be written similarly.
It should be noted that the response of the system described by the transfer function
F(s) does not have to be BIBO stable (bounded input, bounded output). It can be
proved [15,16] that if the poles of the function F(w) are placed on the s-complex
plane outside the cone of aperture angle α = π2n , then this system is BIBO stable.
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The concerned cone has a vertex at the origin of the coordinate system and is located
symmetrically around the semi-axis Re{s}, s ≥ 0. In the specific case, position of
the poles depends on the system parameters α, β, RS, RC , RL , L, C and it requires a
separate analysis. Function F(w) is a classic rational function of the complex variable
w. The function has, in general, k1 real poles and 2k2 complex conjugate poles:
n1 = k1 + 2k2. (18)
















wherewi—real poles,w j , w∗j—complex conjugate poles, Ri ,C j ,C∗j—decomposition
coefficients (residues).

























where all the coefficients remain the same as in Eq. (19). The inverse transform of








(∓atν) , k ∈ N,Re {s} > |a|ν−1 , (21)
where: E (k)ν,μ(∓atν)—classic kth-order two-parameter Mittag-Leffler function deriv-
ative [18].
Using the presented method, current and voltage waveforms in the considered circuit
from Fig. 1 can be determined.
4 Solution of the Problem
4.1 Case of Real Poles
In this section, we assume that the function F(w) has k1 real poles (n1 = k1). In this
case, the Laplace transform UCα(s) of the voltage across the ideal supercapacitor is
given by:







sλ − wi , (22)
where: λ = 1n ,




















sλ − wi , (24)
and:













The transform of the voltage across the real supercapacitor (see Fig. 1) is defined by
a formula:






sλ − wi , (26)
hence:













Analogously, the voltage across the ideal fractional-order inductance can be deter-
mined:




sλ − wi , (28)
and:
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as well as the voltage across the real fractional-order coil (Fig. 1):




sλ − wi , (30)
and:












Symbols Ri , Ti , Si ,Ui , Wi occurring in the above formulae are the appropriate partial
fraction decomposition coefficients (residues) of the relations (7)–(11).
4.2 Case of Complex Conjugate Poles
Assuming that the functionF(w) has only 2k2(n1 = 2k2) complex conjugate poles, the













Using Borel convolution theorem, formula (21) and Mittag-Leffler function repre-
sentation as a series [18], the voltage across the ideal supercapacitor is defined by
a relation:













∣∣k cos (ϕ + kϑ)





























Following the analogous procedure, the current and voltages appearing in the circuit
from Fig. 1 have been determined:
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∣∣k cos (η + kϑ)

















∣∣k cos (ε + kϑ)





where: C j , Dj , E j , Fj , G j—appropriate complex partial fraction decomposition
coefficients (residues) of relations (7)–(11), ϕ, γ, δ, η, ε—arguments of the complex
coefficients C j , Dj , E j , Fj , G j calculated analogously to formulae (34)–(35).
If the function F(s) (or F1(s)) contains real and complex conjugate poles, then the
current and voltages are a sum of the relations derived in Sects. 4.1 and 4.2 of the
paper.
5 Solution for Specific Waveform Cases
In specific cases, convolution integrals expressing the current and voltages in the circuit
from Fig. 1 (see Sect. 4) can be presented in a closed form. It is possible, when the
forcing voltage is a constant waveform E, or is expressed by a Fourier series. Several
of such cases have been considered below.
5.1 Constant Forcing Voltage e(t) = E = const.













Γ (λ (k + 1) + 1) , (40)










∣∣ cos (γ + kϑ)
























∣∣ cos (γ + kϑ)
Γ (λ(k + 1) + 1)
(∣∣w j
∣∣ tλ)k, (43)











Γ (λ (k + 1) + 1) , (44)









∣∣ cos (δ + kϑ)
Γ (λ(k + 1) + 1)
(∣∣w j
∣∣ tλ)k, (45)










Γ (λ (k + 1) + 1) , (46)







∣∣ cos (η + kϑ)
Γ (λ(k + 1) + 1)
(∣∣w j
∣∣ tλ)k, (47)










Γ (λ (k + 1) + 1) , (48)







∣∣ cos (ε + kϑ)
Γ (λ(k + 1) + 1)
(∣∣w j
∣∣ tλ)k . (49)
5.2 Monoharmonic Forcing Voltage
When the voltage source is described by a formula:
e(t) = |Em | sin(ωt + φ) = Asin(ωt) + Bcos(ωt), (50)
where:
A = |Em | cosφ, (51)
B = |Em | sinφ, (52)










Γ (λ (k + 1))θ (t, k), (53)









Γ (λ(k + 1))θ(t, k), (54)








Γ (λ (k + 1))θ(t, k), (55)








Γ (λ (k + 1))θ(t, k), (56)








Γ (λ (k + 1))θ(t, k), (57)
where:















+ (Asin (ωt) − Bcos (ωt)) ωt
λ(k+1)+1
λ(k + 1) + 1
·p Fq
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∣∣k cos (γ + kϑ)
Γ (λ(k + 1)) θ(t, k), (60)









∣∣k cos (δ + kϑ)
Γ (λ(k + 1)) θ(t, k), (61)









∣∣k cos (η + kϑ)
Γ (λ(k + 1)) θ(t, k), (62)









∣∣k cos (ε + kϑ)
Γ (λ(k + 1)) θ(t, k), (63)
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where: θ (t,k) is a function given by formula (58) except that the summation of partial
fraction poles extends from j = 1 to j = k2.
5.3 Polyharmonic Forcing Voltage
In case of T -periodic voltage source, described by a classic Fourier series:
e(t) = E0 +
∞∑
h=1




(Ahcos (hω0t) + Bhsin (hω0t)), (64)
where:
Ah = |Emh |sin(ϕh), (65)
Bh = |Emh |cos(ϕh), (66)
















wki ψ(t, h, k), (68)







wki ψ(t, h, k), (69)
uLβ(t)real = E0 +
∞∑
h=1







wki ψ(t, h, k), (70)
uL(t)real = E0 +
∞∑
h=1







wki ψ(t, h, k), (71)
where:
ψ(t, h, k) = E0t
λk
Γ (λ(k + 1) + 1)




(Ahcos (hω0t) + Bhsin (hω0t)) t
λ(k+1)















+ (Ahsin (hω0t) − Bhcos (hω0t)) ωt
λ(k+1)+1
Γ (λ(k + 1))
ω0h
1 + λ(k + 1)
·pFq
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∣∣k cos (γ + kϑ)ψ(t, h, k), (74)









∣∣k cos (δ + kϑ)ψ(t, h, k), (75)
uLβ(t)complex = E0 +
∞∑
h=1









∣∣k cos (η + kϑ)ψ(t, h, k), (76)
uL(t)complex = E0 +
∞∑
h=1









∣∣k cos (ε + kϑ)ψ(t, h, k), (77)
where: ψ(t, h, k) is a function defined by formula (72), but the summation of partial
fraction poles extends from j = 1 to j = k2.
It should be noted that the above equations are also true when the voltage source has
an almost-periodic waveform and has a spectrum defined for Λ = {ωh}h∈N which is
countable or is a finite set of frequenciesωh . Appropriate dependencies can be obtained
by substitution hω0 → ωh, h ∈ N. Such waveforms appear often in modulation
systems.
5.4 Forcing Voltage is an Element of a Hilbert Space
Assuming that the voltage source e(t) is an element of any Hilbert space with a norm
‖·‖H , a scalar product (·, ·)H and a basis {eh} , h ∈ N, it can always be expressed as a
generalized Fourier series:






ξh = (e(t), eh(t))H , h ∈ N. (79)
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∣∣k cos (ε + kϑ)




e(t − τ)τλ(k+1)−1dτ. (89)
It should be noted that expression of the integrals appearing in the above formulae and
containing the basis functions eh, h ∈ N in a closed form, is not always possible.
6 Example
Based on earlier studies, a simulation example of the transient state in a series circuit
of the class RLβCα , with a supercapacitor and a real, fractional-order coil, has been
carried out. The following parameters of the circuit elements have been assumed: a
supercapacitor of pseudocapacitance Cα = 10 Fs1−α and a series internal resistance
RC = 0.1, a real fractional-order coil of pseudoinductance L = 1Hs1−β and its
series internal resistance RL = 0.1. The series resistance has been assumed as
RS = 0; therefore, RZ = RS + RC + RL = 0.2. Coefficients of the fractional-
order elements have been: α = 0.5, β = 0.25. The series RLβCα circuit has been
supplied by a DC voltage source E = 5 V. For the given parameters values, the function
F(w) (formula (17)) takes the form:
F(w) = Aw
2 + B
w3 + 0.1w2 + 0.1 , (90)
where:
w = s 14 . (91)
Function (90) has three poles: w1 = −0.54—one real pole, w2 = 0.17 − 0.39 j
and w∗2 = 0.17+ 0.39 j—two complex conjugate poles. The relevant partial fractions
decomposition coefficients of the voltages and current are (rounded to two decimal
places):
– for real poles: R1 = 1.52, S1 = 0.44, T1 = 1.97,U1 = 0.24, W1 = 0.20;
– for complex conjugate poles: C1 = −1.76 + 1.39 j,C∗1 = −1.76 − 1.39 j, D1 =
0.28 − 0.07 j, D∗1 = 0.28 + 0.07 j, E1 = −0.48 + 1.32 j, E∗1 = −0.48 −
1.32 j, F1 = −0.021 + 0.12 j, F∗1 = −0.021 − 0.12 j, G1 = −0.048 +
0.13 j, G∗1 = −0.048 − 0.13 j .
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Fig. 2 Simulations of the voltage uCα(t) performed in: a Mathematica, b Maple and c PSpice programs
Simulations of the voltages uCα(t), uC (t), uLβ(t), uL(t) and the current i(t) in the
circuitwere performed inMathematica,Maple andPSpice programs.The rules ofmod-
eling systems and circuitswith fractional-order elements inPSpice havebeendescribed
in “Appendix.” The need for simulation studies using three different programs has
resulted from the fact that algorithms used for these calculations are different. In
PSpice in ABM mode, the system response is calculated as a convolution of impulse
response of assigned function (90) with a given excitation (voltage or current). In
Mathematica as well as in Maple, calculations have been performed with the use of
formulae in the form of series. Procedures used to calculate the value of Γ -Euler
function in these programs are different. Illustrations of these waveforms are shown
in Figs. 2, 3, 4, 5 and 6. For practical reasons, k = 2000 elements were assumed
in numerical computations (instead of ∞ in Mittag-Leffler function). Simulations
have been performed for the circuit with fractional-order elements and for the classic
case of the considered circuit, when α, β = 1. Numerical studies have been proven by
experimental researches. Measurements were taken for a circuit (see Fig. 1) including:
• supercapacitor with parameters: Cα = 10.6 Fs(1−α) , α = 0.54, RC = 0.09
(Maxwell Technologies model BMOD0058E016B02),
• coil with ferromagnetic core with parameters: Lβ = 0.973Hs(1−β), β =
0.279, RL = 0.15
• series resistor RS with resistance equal to 1.
As it can be seen from Figs. 2, 3, 4, 5 and 6, shapes of the voltage waveforms for
voltages uCα(t) and uC (t) and the current i(t) look the same for simulations performed
in all programs. Small difference can be seen in the case of the voltages uLβ (t) and
uL (t). The voltage across the fractional-order coil decreases faster according to pro-
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Fig. 3 Simulations of the current i(t) performed in: a Mathematica, b Maple and c PSpice programs
(experimental results included)
Fig. 4 Simulations of the voltage uC (t) performed in: a Mathematica, b Maple and c PSpice programs
(experimental results included)
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Fig. 5 Simulations of the voltage uLβ (t) performed in: a Mathematica, b Maple and c PSpice programs
Fig. 6 Simulations of the voltage uL (t) performed in: a Mathematica, b Maple and c PSpice programs
(experimental results included)
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gramPSpice than inMathematica andMaple, which implemented formulae (40)–(49).
This difference is difficult to explain, but may be caused by PSpice algorithm. Further
analysis will be taken in the future to explain this effect. Experimental results show
quite good correlation with results obtained in PSpice.
Another observation is, despite the fact that RZ < Rk = 2
√
L
C , where Rk is the
critical resistance, the process of charging the supercapacitor by the resistance and the
inductance is aperiodical, because of the parameters values α and β < 1. In case of
α, β = 1, waveforms show the attenuated oscillating process of charging the capacitor.
Relations describing transient waveforms simplify to the solutions of classic integer-
order differential equation. As it can be seen from the waveforms from Figs. 2, 3,
4, 5 and 6, there are significant differences in current and voltage waveforms for LC
elements of integer and fractional orders. This observation explains the main reason
for application of fractional-order models.
7 Conclusions
Method of the analysis of transient states in a series circuit of the class RLβCα with
fractional-order elements Lβ,Cα, α, β ∈ R+ and at any kind of forcing voltage has
been proposed in this paper. The considered circuit can be described by a differential
equation containing derivatives of fractional order in the Caputo sense. To solve this
equation, the Laplace transformmethod has been used and the idea of rational function
decomposition into partial fractions, originally proposed in [18] for fractional-order
equations. Effective dependencies allowing the determination of the current and volt-
ages waveforms in the system for a number of cases have been achieved. The first two
of them concern the situation when the analyzed rational functions have real or com-
plex poles. Further expressions present solutions of the problem for different forcing
voltages: constant, sinusoidal, periodic and arbitrary, which is an element of a Hilbert
space.
The obtained results have been illustrated by an example. An exemplary RLβCα
circuit have been supplied by a DC voltage source. It can be noted from the example
that simulations performed in Mathematica, Maple and PSpice for voltages across the
supercapacitor uCα(t), uC (t) and the current i(t) take the same values and waveforms
for given circuit parameters values. In the case of voltages across the fractional-order
coil, uLβ (t) and uL (t) waveforms from Mathematica and Maple programs are the
same, but they differ slightly from the results obtained in PSpice. PSpice shows that
these voltages decrease more rapidly and faster than it would result from the ana-
lytical formulae. These differences are difficult to explain and may be caused by the
difference of PSpice algorithm in ABM mode. However, experimental results show
quite good correlation with results obtained in PSpice; therefore, it is supposed that
PSpice algorithm describes fractional-order systems with a quite good precision. For




less than the critical resistance, achieved waveforms show that supercapacitor charg-
ing process has an aperiodic character. In case of α, β = 1, waveforms show the
attenuated oscillating process of charging the capacitor, as it is known from the clas-
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sic circuit theory. The results of simulations and experiments presented in Sect. 6
show significant differences in current and voltage waveforms for LC elements of
integer and fractional orders (see Fig. 1). This is the main reason for application of
fractional-order models. By changing the values of α and β, without changing the
basic circuit parameters—Lβ,Cα , transient state may have an oscillating, critical or
aperiodic character.
As far as it is known, previously obtained results did not contain relations expressing
the current and voltages in the analyzed circuit for arbitrary excitation voltages in a
closed form.
Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.
Appendix
Modeling of Fractional-Order Elements in PSpice
Modeling of elements or systems in PSpice program can be performed in two ways.
First of them, called structural, is used for modeling of passive (RLMC) elements,
autonomous and controlled sources and electronic systems (.MODEL, .SUBCKT
instructions) [19]. The second one is called behavioral and may be used, among oth-
ers, for modeling fractional-order elements. The algorithm of determining the voltages
and the currents in circuits containing these elements consists of two stages. The first
step is the determination of the transfer function in a closed form, which is the ratio
of Laplace transforms of the output signal and the input signal. These transfer func-
tions are rational functions of fractional order (see, for example, formula (8)). Then,
these transfer functions are modeled using the generalized voltage (E-type) or current
(G-type) sources, which are available in the analog behavioral modeling mode. These
sources are controlled by other voltages or currents. The analyzed example presented
in the paper considers a constant voltage excitation e(t) = E , see Fig. 1. Exemplary
model of the system for determining the current in the circuit shown in Fig. 1 is shown
Fig. 7 Equivalent system for determining the current i(t) of the circuit from Fig. 1
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in Fig. 7. This current is the response to a constant forcing voltage. The current of
the controlled source G1 is the searched current of the circuit from Fig. 1. Values
of the used resistances R1, R2 are arbitrary, and they do not influence the result of
simulation. The simulated current-voltage transfer function H(s) (see formula (8)) is
defined by relation:





sα+β + RZL sα + 1LC
. (92)
The batch file used to determine the current waveform is presented below:
The file includes standard PSpice instructions used for definition of:
• excitation e(t) as the voltage source V1,
• resistors R1 and R2,
• controlled current source G1 with the help of LAPLACE function.
The controlled source G1 is described by transfer function (92).
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